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General
Variable
Any phenomena which can vary in amount in different occasions, places etc. Thus
a variable can take different values at different situations.
Discrete variable
A variable whose values are exactly measured using counting numbers such as
1,2, 3 etc. In these cases, fractional values are not likely to be the values of a discrete
variable.
1. Number of coconut harvested
2. Number of children per family
3. Production of CFL per day by a particular company
Continuous variable
A variable whose values could be measured approximately. Exact measurement is
impossible and stating so is meaningless. Usually, the values of continuous a variable are
supposed to fall in a certain ranges of values.
1. Weight of coconut
2. Height of children
3. Daily fuel consumption of a vehicle
In these cases the measurements cannot be exact. For example, weights may be,
6.1kg, 6.11kg or 6.1112kg. The only possibility is to measure approximately and putting
them in ranges of values.
Weight (kg)
5-10 10-15 15-20
No of Children
5
7
4

Measures of Central Tendency
Meaning
Naturally, most of the values of a variable have a tendency to concentrate around
a value at the center of the distribution. An estimate of such a central value is a measure
of central tendency which represent the average characteristics of the distribution in a
single value. The following are important measures of central tendency, each of which
has its usefulness in different contexts.
1. Arithmetic Mean
2. Median
3. Mode
4. Geometric mean

5. Harmonic Mean
Characteristics of a good average - Prof. Yule
It should be;
1. rigidly defined
2. readily comprehensible and easy to calculate
3. based on all observations
4. amenable to further mathematical treatment
5. affected as little as possible by fluctuations of sample
6. It should not be affected by extreme values (not due to Yule)

Arithmetic Mean
The AM, denoted by X , of a set of values such as x1, x 2, ..., x n is defined as:
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In case of continuous or grouped frequency distribution, mid values of the class
intervals need to be taken as values of the variable.
Properties of AM
1. Algebraic sum of deviations of a set of values from their AM is zero.
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2. The sum of squares of the deviations of a set of values is minimum when taken
about mean.
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distribution is minimum, than if deviations are taken from any value other
than mean.
3. Mean of the composite series. If xi (i  1,2,..., k ) are means of k component series
of sizes ni (i  1,2,..., k ) respectively, then the mean of the combined series will be:
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Merits of AM
1. Rigid definition
2. easy to calculate and understand
3. Based on all observations
4. Amenable to further algebraic treatment
5. AM is least affected by sampling fluctuations
Demerits of AM
1. It cannot be determined by inspection
2. It can not be located graphically.
3. Mean cannot be calculated for information involves qualitative characteristics
such as intelligence, honesty beauty etc.
4. It is severely affected by extreme values.
5. Stability and reliability of the AM as true representative of the whole series
depends upon the variability of the series. Series with the same AM may have
different variability.
6. For open end class distribution, mean cannot be calculated.
7. Mean may lead to absurd results. For example, it is absurd to say that the average
number of children per family is 2.5.
Weighted mean
When all the items in a series are not of equal importance, each item needs to be
weighted properly. Hence the suitable average is weighted AM
 wX
Xw 
w
Where, ‘w’ is the weight
Median
Median is a positional average which is defined as the middlemost item in an
ordered (ascending or descending) series. If there are two middlemost items in a series,
(if n is an even number) take AM of those middlemost items as the median.
Median for individual series
2 th

 n  1
Median is the 
 item.
 2 
Median for continuous frequency distribution
th

N
First locate median class, the class in which   falls
2
Then use the interpolation formula
N / 2  cf
L1 
c
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Where, L1 =lower limit of the median class
Cf = the frequency of the pre-median class
C=interval of the median class.

Median can be located graphically also. Median corresponds to that value on the x
axis where the ‘less than’ and ‘more than’ ogives intersect each other over it.
Merits
1. rigidly defined
2. Easy to understand and calculate.
3. not at all affected by extreme values
4. median can be calculated for open end class distributions
Demerits
1. In the case of even number of observations median cannot be estimated exactly.
We take only the average of two middle items.
2. Median is insensitive in that it is not based on all observations.
3. It is not amenable to further mathematical treatment as it is not a mathematical
average.
4. As compared with mean, it is affected much by sampling fluctuations.
Uses
1. Median is the only average to be used while dealing with qualitative data which
can not be quantified but can be ordered or arranged.
Mode
Mode is the most frequently occurring item in a series. Mode is the predominant
value or the ‘typical’ value in a series. In a continuous frequency distribution, first the
model class, the class which is having the highest frequency is to be located. Then
mode is estimated using the following interpolation formula.

f1  f 0
h
2 f1  f 0  f 2
L1=lower limit of the model class
F1 = frequency of the model class
F0 = frequency of the class preceding the model class
F2 = frequency of the class succeeding the model class
H = the interval of the model class
Mode is ill-defined if
1. the maximum frequency is repeated
2. the maximum frequency is occurring at the very beginning or at the end of the
distribution
3. if there are irregularities in the distribution
In these cases mode is calculated by the method of grouping.
In some cases, a distribution may have two or more values as mode. These
distributions are called bimodal and multi-model distributions.
Mode  L1 

Relationship among mean, median and mode
Mode can be estimated from mean and median (due to Karl Pearson).
For a symmetric distribution, mean, median and mode coincide. If the distribution is
moderately asymmetric the following relationship hold.
Mode = 3median -2Mean

Or

Mean –Median = 1/3(Mean – Mode)

Uses of Mode
Mode is highly useful to find the ideal size in business forecasting
1. the ideal size of shoe
2. the ideal size of shirts
Geometric Mean
Geometric mean of a set of n observations is the nth root of their product.
Geometric mean of n observations xi; 1=1,2,…,n is defined as
1
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Taking logarithms of both sides
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Geometric Mean of the Combined Series
If n1 and n 2 are the sizes, G1 and G2 the geometric means of two series
respectively, the geometric mean of the combined group is defined as follows
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Properties of GM
1. The sum of deviations of logarithms of values from the log GM is equal to zero.
This property implies that the product of the ratios of GM to each observation
which is less than the GM is equal to the product of the ratios of each observation
which is greater than the GM to the GM. For example, suppose the observations
are 5, 25,125 and 625. Their GM is 55.9. Obviously, two observations are less
than the GM and the two other are greater than the GM. It follows that:
55.9 55.9 125 625



5
25
55.9 55.9
2. Similar to the arithmetic mean, where the sum of observations remains the same if
each observation is replaced by their AM, the product of observations remains
unaltered if replaced by their GM.

Merits
1. Rigidly defined
2. Based on all the observations
3. Suitable for further mathematical treatment
4. less affected by extreme values compared to the AM
5. Not affected much by sampling fluctuations
6. It gives comparatively more weights to small items
Demerits
1. for a non mathematical person, it is cumbersome to calculate
2. If any one of the observations is zero, GM is also zero
3. If any one of the observations is negative, GM becomes imaginary regardless of
the magnitude of other items.
Uses
1. GM is useful for averaging ratios, rates and percentages.
2. To find the rate of growth of population growth and rate of interest.
3. In the construction of index numbers.
Harmonic Mean
HM of n observations none of which is zero is the reciprocal of the arithmetic
mean of the reciprocals of the given values. HM of n observations xi; i=1,2,…,n is
defined as:
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Weighted HM
If x1, x2, …xn are n observations with weights w1, w2, w3,…, wn, their weighted
 wi
Harmonic Mean is defined as HM w 
 ( wi xi )
Uses
1. If equal distances are traveled per unit of time with varying speed, then average
speed is obtained by HM of the values of speed.
2. If varying distances are traveled with varying speed, average speed can be
obtained by using the weighted HM in which varying distances shall be the
weights.
3. Like AM, HM is also used for estimating averages of ratios/rates relating to price,
speed, work done per hour etc (Price = Amount paid /quantity, speed =
distance/time, work done per hour = work done/ time taken to complete the work
in hours) The average of a rate defined by the ratio p/q, is given by the AM of the
values of the rates in different situations, if the conditions are given in terms of q
(quantity) and by the HM if conditions are given in terms of P (price). In other
words, AM is appropriate if quantities, that appear in the denominator of the rate
to be averaged, in different situations are given. HM will be appropriate if sums of

money, that appear in the numerator of the rate to be averaged, spent in different
situations are given.
Relationship among AM, GM and HM
If all the observations of a variable are the same, then AM=GM=HM. Otherwise
AM > GM > HM. Combi8ning these two results we have, AM  GM  HM
For any two numbers, AM .HM  GM 2
Or GM  AM  HM

Measures of Dispersion
A measure of dispersion deals with the ‘scatteredness’of or variability of
observations in a series. Various measures of dispersion are classified into distance
measures and averages of second order. The former includes range, Q.D, inter-percentile
range etc. and expresses the spread of observations in terms of distances between the
values of selected observations. The latter expresses the spread of observations in terms
of the average of deviations observations from some central value. Mean deviation and
standard deviation. These are called the second order averages, as the first order averages
being the measures of central tendency.
A measure of dispersion can be expressed in the same unit of measurement called
an absolute measure of dispersion. An absolute measure of dispersion can be stated
independent of units of measurements called relative measure of dispersion by
expressing it as a ratio to the average from which the absolute measure is derived.

Absolute measures
Relative Measures
Range
Coefficient of Range
Semi-Inter-Quartile Range
Coefficient of Q.D
Or
Quartile Deviation
Mean deviation
Coefficient of M.D
Standard Deviation
Coefficient of Variation
Range
Range is the difference between the highest and lowest values in a series. It is the
simplest but crude measure of dispersion. It is based on only two observations in a series.
R=H-L
Coefficient of Range =

H L
HL

Uses
1. It is used in the preparation of control charts for controlling the quality of
manufactured items.

2. It is also used in the study of fluctuations of prices of commodities, temperature
of a patient, amount of rainfall in a given period, etc.

Quartile Deviation or Semi –Inter-Quartile Range
The value of Q.D gives the average magnitude by which the two quartiles deviate
from median. If the distribution is approximately symmetric, Median  Q.D will include
only 50% of the observations.
Q  Q1
Q. D  3
2
Where Q3 and Q1 are third and first quartiles
Also Q1=Median –Q.D and Q3 = median +Q.D
Coefficient of Q.D = 

Q3  Q1
Q1  Q3

Mean Deviation
Mean deviation is defined as the average of modulus deviations taken from an
average (any of the averages such as AM, median or mode).
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A = mean, median or mode as the case may be
MD
Where A can be mean, median, or mode as the case may be.
A
It is to be noted that mean deviation is the least when taken from median. M.D is
a better measure of dispersion than range or Q.D as it is based on all the observations.
However, the treatment of sign less deviations renders it useless for further mathematical
usage.
Standard Deviation and Root Mean Square Deviation
Standard deviation is defined as the positive square root of the squares of the
deviations of the given values from their AM.
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Variance is the square of the S.D =    f i ( xi  x ) 2
N i 1
The above formulae can be simplified for easy calculation as follows
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Root mean square deviation, denoted by ‘s’, is given by
s
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s is called mean square deviation.
s 2   2  ( x  A) 2   2  d 2 Where d 2  ( x  A) 2
Obviously s 2 is minimum when d 2 is minimum that is, A  X
Variance of the Combined Series
If n1,n2 are the sizes, x x  x 2 the means and  1 ,  2 the standard deviations of
two series, then the standard deviation of the combine series of size n1+n2is given by:
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series
Coefficient of Variation
Coefficient of variation is the 100 times the coefficient of dispersion based upon
standard deviation is called coefficient of variation.

Coefficient of dispersion based on S.D =

S .D


Mean x


100
x
Prof. Karl Pearson has suggested this measure. C.V is the percentage variation in the
mean, S.D being considered as the total variation in the mean. The variability, or stability
or homogeneity of a series can be examined using the C.V
Coefficient of Variation =

Change of Scale and origin
A change in the scale implies that all the observations in a given series is
multiplied or divided with a constant. A variable expressed in grams may be converted
into Kilograms by dividing each value by 1000. A variable expressed in years can be
converted into months by multiplying it with 12. A change in the scale of values affects
the value of S.D. Put it differently, S.D is not independent of change of scale.
A change in the origin of the series imply that due to some subtraction or addition
process, the place of the value of the variable x=0 shifts.
Consider;
X:
0,
1,
2
3
4
5
6
7
8
Perform X-3, then
X-3:
-3
-2
-1
0
1
2
3
4
5
A change in the origin does not affect the value of S.D. Thus S.D is independent
of the change of origin.
Properties of S.D
1. S.D is independent of change of origin
2. S.D is not independent of change of scale. If all the observations are multiplied or
divided with a constant the S.D also gets multiplied or divided with that constant.
3. S.D of a set of observations is not greater than any other root mean square
deviation.
4. S.D of a set of observations is not less than the M.D from mean.
5. In an approximately normal distribution, X   covers 68% of the items in the
distribution, X  2 covers 95% of the items in the distribution and X  3
covers 99% of the distribution.
Uses
1. S.D can be used to compare the dispersions of two or more series when their units
of measurements and AMs are the same.
2. It is used to test the reliability of the mean. The mean of a distribution with lower
S.D is more reliable.
Relation among Measures of Dispersion
1. Q.D  0.8453MD (or approximately

5
MD)
6

2. Q.D  0.6745S>D (or approximately
3. M.D  0.7979SD (or approximately

2
SD)
3
4
SD)
5

4. Range  6 S.D
5. 6SD  9QD  7.5 MD
Lorenz curve
It is a graphical measure of dispersion developed by Marx O Lorenz. He wants to
measure the inequalities in the distribution of income or wealth among the population of
a country. Cumulative percentage of the values of the income and cumulative percentage
of population are plotted on both axes so that the Lorenz curve can be drawn. Points on a
Lorenz curve shows the percentage of total income shared among the percentage of total
population.

1. If income distribution is perfectly equitable, the Lorenz curve coincides with the
line of Equal distribution (a diagonal line)
2. The farther away the Lorenz curves from the line of equal distribution, the greater
is the inequality.
The Gini coefficient or Coefficient of Inequality
The ratio of the area of inequality to the area of the triangle in which Lorenz curve
is drawn is the coefficient of inequality.
A
Gini Coefficient = 1
A1=the area of inequality and A =the area of
A
the triangle POC.

Moments, Skewness and Kurtosis

Moments
Moments can be central moments, raw moments or moments about origin

Central moments are denoted by  r . The rth central moment is the mean of the rth
power of deviations of observations from their mean. Given that the values of
observations are x1,x2….xn and their corresponding frequencies are f1, f2….fn, then the
central moment may be defined as follows
1
 f i ( xi  x ) r Where, N   f i
N
1
1. If r  0 , we have  0   f i ( xi  x ) 0  1
N
1
2. If r  1 we have
1   f i ( xi  x )1  0
N
1
3. r  2 we have
 2   f i ( xi  x ) 2   2
N
Central moments are independent of change of origin but not of change of scale.
Raw moments are denoted by  r . The rth raw moment is the mean of the rth
power of deviations of observations from any arbitrary number A.

r 
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N
Relationship between Central Moments and Raw Moments
1. 1  0

 r 
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2.  2   2  1
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3.  3  3  3 2 1  2 1

2

4

4.  4  4  4  3 1  6 2 1  31

The moments about origin are denoted by m r . The rth moment about origin is the
mean of the rth power of deviations of observations taken from the origin, ie, 0. Moments
about origin resembles with raw moments if deviations are taken from 0.
mr 

1
 f i ( xi  0) r
N

Where, N   f i

Coefficients based on moments
The moments discussed so far have units of measurements depending upon the
units of measurement of the variable X. If the variable is in inches the moments will also
be in inches inches2 etc as the power of the moment changes. If the moments of two or
more series expressed in different units of measurements are to be converted into
coefficients.
Alpha coefficients
X X
Transform the variable xi into another variable zi  i
. the variable zi has

mean ‘0’ and standard deviation ‘1’ and is called a standard normal distribution. This

variable is independent of units of measurements and moments based on this variable are
also pure numbers. Various moments of z about zero are called  coefficients.
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Beta Coefficients
Karl Pearson suggested two Beta coefficients,  1and 2 which are related to alpha
coefficients as below.
2

3

2
 2  42   4
 3 ,
3
2
2
Gamma Coefficients
The gamma coefficients denoted by  1and 2 , were suggested by R.A Fischer and
are related to alpha and beta coefficients.
1 

 1    1   3 Where the sign of

 1 is taken as the sign of  3

 2  2  3  4  3

Skewness
Skewness of a distribution explains its departure from symmetry. For a symmetric
distribution, the mean, median and mode coincides and the ordinate at mean divides the
frequency curve into two parts such that one part is the mirror image of the other part.
Thus each part contains equal number of items.
If the distribution is positively skewed, most of the items have lower values. It
leads to concentration of items in the lower classes. The distribution will have a long tail

at the right side of the curve. In this case Mode < median < Mean. The same is the case if
some high values are added with a symmetric distribution. The right tail gets elongated.
If the distribution is negatively skewed, most of the items have higher values. It
leads to concentration of items in the higher classes. The distribution will have a long tail
at the left side of the curve. In this case Mode > median > Mean. The same is the case if
some low magnitudes are added with a symmetric distribution. The left tail get elongated.

Measurements of Skewness
Skewness can be measured based on
1. mean, median and mode
2. Quartiles, median and Percentiles
3. Moments
Various Measures
1. Sk  X  M d
2. Sk  X  M o
3. Sk  (Q3  M d )  ( M d  Q1 )
Where, Md = median.
These are absolute measures which are not capable of comparison. Thus relative
measures or coefficients of Skewness need to be calculated for comparison purposes.
Karl Pearson’s Coefficient of Skewness.
X  Mo

Where Mo = mode
If mode is ill-defined
Sk 

3( X  M d )

These equations shows that Sk =0, if X  M o  M d
Sk 

Skewness is positive if : X  M o or X  M d
Skewness is negative if: X  M o or X  M d
The limits of pearsons measure is  3 That is  3  Sk  3

Bowly’s Coefficient of Skewnwss based on quartiles (Quartile Coefficient of Skewness)
This measure is based upon the fact that quartiles are equidistant from median for
a symmetric distribution. The distance of quartiles from median can be taken as a
measure of skewness.
Q  Q1  2 M d
Sk  3
Q3  Q1
The value of Sk ranges between -1 and +1
Skewness is positive if: Q3  M d  M d  Q1  Q3  Q1  2 M d
Skewness is negative if: Q3  M d  M d  Q1  Q3  Q1  2 M d
Bowly’s measure ignores 25% of the items on either side of the distribution. Hence it is
based on only 50% ov observations.
This measure is useful under the following conditions.
1. When the mode is ill-defined and extreme observations are present in the data.
2. When the distribution has open end classes or unequal class intervals.
In these situations Pearson’s coefficient cannot be used.
Kelly’s Coefficient of Skewness
Kelly has suggested a coefficient of skewness based on percentiles. It covers 80%
of the middle observations in a distribution.
P  P10  2 P50
Sk  90
Note that P50  M d
P90  P10
Measures of Skewness based on Moments.
This measure is based on the property that all odd ordered moments of a
symmetrical distribution are zero.
Alpha Measure
Sk   3
If  3  0 the distribution is symmetric,  3  0 the distribution is positively skewed and
if  3  0 the distribution is negatively skewed.

Note that  3  33   1   1

Usually  1 is also taken as a measure of skewness. Since  1 is always a non-negative
number, the sign of Sk is given by the sign of  3 .
2


1  3 3
2

Kurtosis
Kurtosis measures the peakedness of a frequency curve. Karl Pearson, in 1905,
introduced three types of curves depending upon the shape of their peak. These shapes

are known as Mesokurtic, Leptokurtic and Platikurtic. Normal curve is always
mesokurtic.

Karl Pearson has suggested a Beta measure of Kurtosis.

4

Also note that  2  42   4
2
2
2
If  2  3 , the curve is mesokurtic
If  2  3 , the curve is leptokurtic
If  2  3 , the curve is platikurtic
2 

Kurtosis can also be measured in terms of  2 coefficients
Since  2   2  3 ,  2  0 for mesokurtic,  2  0 for leptokurtic and  2  0 for
platykurtic.

